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Abstract
A gravitating global monopole produces a repulsive gravitational field outside the core in
addition to a solid angular deficit in the Brans-Dicke theory. As a new feature, the angular deficit
is dependent on the values of φ∞ and ω, where φ∞ is asymptotic value of scalar field in space-like
infinity and ω is the Brans-Dicke parameter.
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1
The phase transitions in the early Universe can give rise to topological defects of various kinds
[1]. The idea that monopole ought to exist has proved to be remarkably durable. The first ones to
study the effects of gravity on the global monopole were Barriola and Vilenkin [2]. When gravity
is taken account the linearly divergent mass of a global momopole has an effect analogous to that
of a tiny mass at the origin. Harari and Lousto` [3], and Shi and Li [4] have shown that this small
gravitational potential is actually repulsive. Recently, Li et.al. [5, 6, 7]have described a new class of
cold stars, which are called D-stars (defect stars). Comparing to Q-stars, one further requires, as a
new feature, that in the absence of matter field the theory has monopole solutions. This requirement
is such that the characteristics of these objects, for instance deficit angle, differ quite substantially
from those of Q-starts. On the other hand, there has been renewed interest in the Brans-Dicke
(BD) theory [8], in which the usual metric gravitational field is augmented by a scalar field φ which
couples to the curvature via a parameter ω. The modern studies of BD theory are motivated by the
fact that they appear as the low energy limit of string theory [9, 10]. Spherically symmetric charge
distributions in BD theory have also been investigated before [11, 12, 13, 14]. In this paper, we study
global monopoles in the BD theory. We show that the monopole produces a repulsive granvitational
field outside the core in addition to a solid angular deficit. As a new feature, the angular deficit
is dependent on the values of φ∞ and ω, where φ∞ is asymptotic value of scalar field in space-like
infinity.
To be specific, we shall work within a particular model in units G = C = 1, where a global O(3)
symmetry is broken down to U(1) in the framework of BD theory. Its action is given by
S = 1
16pi
∫
d4x
√−g [φR− ω
φ
gµνφ,µ φ,ν −8pigµνψa,µ ψa,ν −4piλ(ψaψa − η2)2] (1)
where g = det(gµν). R is the scalar curvature, ω is a constant, φ
a is a triplet of the Coldstone field,
a = 1, 2, 3. The Goldstone field configuration describing a global monopole is
ψa = ησ(r)
xa
r
with xaxa = r2 (2)
so that we will actually have a monopole solution if σ → 1 at spatial infinity. The general static
metric with spherical symmetry can be written as
ds2 = −B(ρ) +A(ρ)dr2 + ρ2(dθ2 + sin2 θdφ2) (3)
with the usual relation between the spherical coordinates ρ, θ, φ and the “Cartesian” coordinates xa.
Let us now introduce a dimensionless parameter r ≡ ηρ. From the action (1) and the definition for
σ, the equations of motion follows:
1
A
σ′′ + [
2
Ar
+
1
2B
(
B
A
)′]σ′ − 2
r2
σ − λ(σ2 − 1)σ = 0, (4)
where the prime denoting differentiation with respect to r. Varying the action with respect to gµν
and φ we obtain the field equations
Rµν − 1
2
gµνR =
8pi
φ
Tµν +
ω
φ2
(φ,µ φ,ν −1
2
gµνφ
,αφ,α ) +
1
φ
(φ,µ;ν −gµν✷φ) (5)
2
and
✷φ =
8piT
2ω + 3
, (6)
where the energy-momentum tensor is
Tµν = ∂νψ
a∂νψ
a − 1
2
gµν [g
αβ∂αψ
a∂βψ
a +
1
2
λ(ψaψa − η2)2] (7)
and T is trTµν . Using Eqs. (2) and (3), we have
A′ = Ar[
4piη2σ′2(2ω + 1)
φ(2ω + 3)
+
8piη2A(2ω − 1)
φ(2ω + 3)
(
σ2
r2
+
λ
4
(σ2 − 1)2)− B
′φ′
2Bφ
− ωφ
′2
2φ
+
1
r2
(1−A)], (8)
B′ =
rB
2φ+ rφ′
[8piη2σ′2 − 8piη2A(σ
2
r2
+
λ
4
(σ2 − 1)2)− 4
r
φ′ +
ω
φ
φ′2 +
2φ
r2
(A− 1)], (9)
φ′′ = φ′(
A′
2A
− B
′
2B
− 2
r
)− 2Aη
2
2ω + 3
[
2σ2
r2
+
σ′2
A
+ λ(σ2 − 1)2]. (10)
Eqs. (8)-(10) can be reduced to the general relativistic (GR) ones [2, 3, 4] when ω →∞ and φ→ 1.
We introducr the “scalar charge” of BD theory
S = lim
r→∞
(r2
dφ
dr
). (11)
Note that this is not in general a conserved quantity. We define it here since it is included in the
expression for the mass of the monopole which we will give below. The equation for φ can be formally
intergrated, we have an alternative expression for the scalar charge
S =
∫
∞
0
dr r2{φ′( A
′
2A
− B
′
2B
)− 2Aη
2
2ω + 3
[
2σ2
r2
+
σ′2
A
+ λ(σ2 − 1)2]}. (12)
Expanding the metric and the scalar field equation in powers of r−1 about r =∞ one can write the
field equations in a linearized form. Using the boundary condition of the asymptotically flat
A ∼ A∞ +O( 1
rn
),
B ∼ B∞ +O( 1
rn
),
φ ∼ φ∞ +O( 1
rn
), (13)
where n ≥ 1 and the subscript “∞” denotes values at spacelike ∞. We also require σ → 1 at least
as fast as r−1. In fact, as we will show below, the conditions above imply that σ → 1 exponentially
as r →∞.
The equation for the metric coefficient A(r) reads
(
r
A
)′ +Ω(r)(
r
A
) = 1−∆(r)[σ2 + λ
4
r2(σ2 − 1)2], (14)
where
Ω(r) =
4piσ′2η2(2ω + 1)r
(2ω + 3)
− B
′φ′
2Bφ
+
ωφ′2
2φ
(15)
3
and
∆(r) =
8piη2(2ω − 1)
φ(2ω + 3)
. (16)
We define
∆ ≡ ∆(∞) = 8piη
2(2ω − 1)
φ∞(2ω + 3)
(17)
and we will show below, ∆ describes a solid angular deficit in the BD theory. Integrating Eq.(14),
A(r) can be written as
A−1 = 1−∆− 2M(r)
r
, (18)
where
M(r) =
1
2
[∆(r)−∆]r + 1
2
exp[−
∫ r
0
Ω(y)dy]
∫ r
0
dy{∆(y)[(σ2 − 1) + λy
2
4
(σ2 − 1)2
+(1−∆(y))yΩ(y)] + 8piφ
′
φ
∆(y)}[
∫ y
0
Ω(z)dz]. (19)
One can show that limr→∞M(r) =MADM which is Arnowitt-Deser-Misner mass[15] of the monopole.
Let us first discuss the GR case. When ω →∞ and φ→ 1, we have ∆ = 8piGη2 and
M(r) =
∆
2
exp[−∆
2
∫ r
0
dyσ′2(y)y]
∫ r
0
dy[(σ2−1)+y
4
4
(σ2−1)2+(1−∆)y
2
2
σ′2] exp[
∆
2
∫ y
0
dzσ′2z], (20)
which is known as a formula in Ref. [3]. Analogously,
B(r) = 1−∆− 2MB(r)
r
(21)
with
MB(r) =M(r) exp[∆
∫ r
∞
dyσ′2y] + (1−∆)r
2
[1− exp(∆
∫ r
∞
dyσ′2y)]. (22)
One finds the asympototic expansions
f(r) = 1− 1
r2
−
3
2
−∆
r4
+O(r−6),
M(r) =MADM +
∆
2r
+O(r−3),
MB(r) =MADM [1− ∆
r4
] +
(1−∆)
2
∆
r3
+O(r−7). (23)
Solving Eqs. (8)-(10) in a linearized form, we find scalar field have following asymptotic form
φ = φ∞ − S
r
+O(
1
r2
), (24)
while the line element in this limit is
ds2 = −[1−∆− 2MK
r
+O(
1
r2
)]dt2 + [1−∆− 2MADM
r
+O(
1
r2
)]−1dr2 + r2(dθ2 + sin2 θdφ), (25)
where
MK =MADM − S
φ∞
(26)
4
is the Keplerian mass of the monopole. TheMK is the active gravitational mass measureed by a non-
self-gravitating test particle in a circular orbit at space-like infinity about the monopole. Substituting
the metric components appreaing in the asymptotic form of the line element in Eq.(4), we have
(1− σ)′′ + 2
r
(1− σ)′ − 2λ(1 +∆+ 2MADM
r
)(1− σ) +O( 1
r2
) = 0. (27)
We obtain the asymptotic solution
σ = 1− r−be−kr[1 +O( 1
r2
)], (28)
where
k = [2λ(1 + ∆)]
1
2 ,
b = 1 + (
2λ
(1 + ∆)
)
1
2MADM . (29)
Therefore, σ field tends to 1 exponentially with r in the asymptotic region.
Neglecting the mass term in Eqs. (18) and (21) and rescaling variables r and t at large distance
off the core, the monopole metric can be rewritten as
ds2 = −dt2 + dr2 − (1−∆)r2(dθ2 + sin2 θdφ2) (30).
This metric describes a space with a deficit solid angla: the area of a sphere with radius r is not
4pir2, but a little smaller. In the BD theory, angular deficit is dependent on the values of φ∞ and ω.
Note that the integrand in Eq. (19) contains a non-positive definite term, so M(r) may be
negative. The strongest constrains on BD theories are usually assumed to come from the solar
system weak field tests [15]. As is well known, observations constrain the BD parameter to have a
value of ω > 500. Using numerical integration, M(r) is indeed negative all the way from the origin
and quickly approaches an asymptotic value of order M ≈ −6piη2(2ω − 1)/[φ∞(2ω + 3)]. However,
one has taken ω = −1 in the simplest string effective action [10], which is relavant to the study
of global monopole in very early Universe, although in this case φ∞ = 1 is physically unrealistic:
to approximate a monopole embedded in the string dominated Universe, we should choose a value
φ∞ < 1. In this case, we have ∆ = −24η2/φ∞. This means that there is not angular deficit, but
angular surplus in the string dominated cosmology.
Finally, the general scalar-tensor gravitational theories arise from dimension reduction of higher
dimensional theories [17] and string theory [10]. The general theories can satisfy the rather strict
constraints determined at the current epoch, while still differing considerably from Einstein theory
in the past [18]. Details of the monopole in more general scalar-tensor theories will be considered
elsewhere.
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